To Andrei Alekseevich Slavnov on the occasion of his 80-th birthday, with respect and gratitude
Let us assume that the ordering is given by the index i of n i , otherwise we simply swap the indices. Then the space (1) allows an alternative definition as the quotient F (n 1 , ..., n m ) ≃ I GL(N, C) P d1,...,dm ,
where P d1,...,dm is a parabolic subgroup of GL(N, C) that stabilizes the flag of linear
The action schematically has the following form [2] (here X : Σ → F ):
where ω = G • I is the fundamental Hermitian form of the metric G . It is closed if and only if m = 2, i.e. when the flag manifold is a Grassmannian [3] . In other cases the second term in the action (3) is not topological. The B-field of the same form as in (3) was considered on other grounds in [4] . Besides, Lax pairs for models of type (3) , in the special case of symmetric spaces, were seemingly considered for the first time in [5] (the CP 1 -case) and in [6] (mostly in the non-compact case). A detailed study of a similar case of para-compact target spaces may be found in the recent work [7] .
In [3, 8, 9] we constructed the gauged linear sigma-model representation for the models of type (1)- (3) . In the case when the target space is a Grassmannian, the metric G is Kähler, and this representation is equivalent to the Kähler quotient G(k, N ) ≃ Hom(C k , C N )//U (k). In the general case our construction leads to a quotient w.r.t. a non-reductive group and to the "Killing" metric G , which is not Kähler in general.
The construction is as follows. We introduce the field U ∈ Hom(C M , C N ), where M = d m−1 , satisfying the orthonormality condition U † U = 1 M , as well as the "gauge" field A = A z dz + Azdz of the following special form:
A z = * * * * * * * * * * * * * * * * * * * * * * * *
The Lagrangian reads
This Lagrangian is equivalent to (3) -it can be proven by eliminating the field A.
Due to the orthonormality condition U † U = 1 M the gauge group of the model is U (n 1 ) × · · · × U (n m ). A natural question is whether one can instead use a quotient w.r.t. the complex group of upper/lower-block-triangular matrices. To answer this, we give up the orthonormality condition and assume that U ∈ Hom(C M , C N ) is an arbitrary complex matrix of rank M . We then write down the following Lagrangian:
It is easy to see that it is invariant w.r.t. complex gauge transformations U → U g, where g ∈ P d1,...,dm−1 . The Gram-Schmidt orthogonalization procedure brings the Lagrangian (6) to the form (5), but for a number of reasons the complex form is preferable. In order to get rid of the denominator in the Lagrangian, we introduce an auxiliary field V ∈ Hom(C N , C M ) and write down a new Lagrangian
that turns into the original one upon elimination of the field V . Next we perform yet another quadratic transformation, in order to eliminate the quartic interaction.
To this end we introduce the complex matrix field Φ z ∈ End(C N ) and its Hermitian conjugate: Φz = (Φ z ) † . We write one more Lagrangian
where Dz is the "elongated" covariant derivative
Let us clarify the geometric meaning of the Lagrangian (8) . The first two terms correspond to a sum of the so-called βγ-systems on the flag manifold F , in a background field Φ z [10, 11] . By definition, such a system may be defined for an arbitrary complex manifold M (dim C M = m) with the help of a complex fundamental
Here q i are the complex coordinates on M and p i are the complex coordinates in the fiber of the holomorphic cotangent bundle.
The action of the βγ-system is then simply S =Σ d 2 z m i=1 p i ∂zq i . In the case of the flag manifold this action can be most conveniently written, using two matrices U ∈ Hom(C M , C N ), V ∈ Hom(C N , C M ) and the gauge field A z . Indeed, it will be shown in the next section that the fundamental (1, 0)-form can be written as
is the Lie algebra of the corresponding parabolic subgroup of GL(M, C). It is also assumed that the space of matrices, satisfying this condition, is factorized w.r.t. the action of P d1,...,dm−1 , i.e. one has a complex symplectic reduction. The condition (10) is precisely the condition of vanishing of the moment map µ C = 0 for the action of the parabolic group P d1,...,dm−1 on the space of matrices (U, V ) endowed with the symplectic form ω 0 = Tr(dU ∧ dV ). As a result,
is the complex symplectic form, arising after the reduction w.r.t. the parabolic group. In order to ensure the condition (10) at the level of the Lagrangian of the model, one needs the gauge field Az ∈ Lie(P d1,...,dm−1 ). Indeed, differentiating the Lagrangian (8) w.r.t. Az, one arrives at the condition (10) . A large class of integrable sigma-models in the βγ-formulation has been recently proposed in [12] (for background material see also [13, 14] ). In the terminology of that work our field Φz should be viewed as the component Aw of the Chern-Simons gauge field along the "topological plane" (i.e. the worldsheet Σ). The quadratic form in the interaction term Tr (Φ z Φz) in (8) is in this context the inverse propagator of the field Aw, which in the present (rational) case is proportional to the identity matrix. § 1.1. Relation to the quiver formulation Before passing to further topics, let us clarify the relation of the complex symplectic form, constructed using the symplectic quotient w.r.t. a parabolic subgroup, as above, and the symplectic form that arises as a result of a reductive quotient, defined by the so-called quiver. We recall that T * F is a hyper-Kähler manifold that maybe be constructed by a hyper-Kähler quotient of flat space (though we stress that the real symplectic form -the Kähler form -will not concern us here). This quotient is based on a linear quiver diagram of the following form:
In each node there is a vector space L k ≃ C d k , and to each arrow from node i to node j corresponds a field, taking values in Hom(L i , L j ). The full space of fields is therefore
In each node there is an action of a gauge group GL(L i ). We then consider the GIT-
.
In W f we define a submanifold given by the vanishing conditions for the moment maps (U 0 = 0, V 0 = 0):
The (well-known) statement is that the resulting space is the flag manifold (2), which is why we have denoted it by F . On W 0 there is a natural complex symplectic form
The construction just described may be interpreted as the symplectic quotient w.r.t. the complex group G, and it endows F with a certain symplectic form Ω F . We prove the following statement:
where ω red is the symplectic form (11) 
Iterating this procedure, i.e. bringing all matrices U i (i = 1, . . . , m − 2) to canonical form, we arrive at the situation, when one is left with a single non-trivial matrix U m−1 := U , and the resulting symmetry group is precisely P d1,...,dm−1 . We also denote V m−1 := V . Now, let a ∈ k = Lie(P d1,...,dm−1 ). By definition of the stabilizer
, where in the second equality we have used the equation (14). Since π m−2 (a) ∈ Stab(U m−3 ), we can iterate this procedure, and at the end we will obtain Tr(aU 
This coincides with the expression for the z-component of the Noether current for the action of the group GL(N, C) on the space of matrices (U, V ). For the βγ-system written above Φ z is nothing but the moment map for the action of this group.
Relation to the principal chiral model
Recall that the equations of motion of the principal chiral model may be written as follows:
Analogously one can write down the equations of motion for a sigma-model with a symmetric target space. Let σ : G → G be the Cartan homomorphism, σ 2 = 1. Then the equations of motion have the form:
Note that the map g → g, written in the second line, is nothing but the Cartan embeddingσ : G H ֒→ G. In both cases j, j s are the Noether currents of the sigmamodel, calculated using the standard action S =´d 2 z ∂X 2 .
In other words, suppose X : Σ → G is a harmonic map. If its image lies in the symmetric space G H , i.e. X(Σ) ⊂ G H ⊂ σ G, the map X : Σ → G H is harmonic. The converse is also true: if X : Σ → G H is a harmonic map,σ • X : Σ → G is also harmonic. This can be alternatively understood by recalling thatσ is a totally geodesic embedding. By definition, this means that the second fundamental form of σ( G H ) ⊂ G vanishes: (∇ X Y ) ⊥ = 0 for any two vectors X, Y ∈ T (σ( G H )). It is easy to check that ifσ : M ⊂ N is a totally geodesic submanifold, and X : Σ → M is a harmonic map, thenσ • X : Σ → N is also harmonic. § 2.1. Nilpotent orbits After this intermezzo let us return to the formulas (10)- (16):
where k = Lie(P d1,...,dm−1 ). § § 2.1.1. Grassmannian
To start with, we consider the case of a Grassmannian, i.e. m = 2. Then the vanishing of the moment map is simply V U = 0. Therefore Φ 2 z = 0. From the expression for Φ z it also follows that Im(Φ z ) ⊂ Im(U ) ⊂ Ker(Φ z ). As is well-known,
is the cotangent bundle to a Grassmannian, and the forgetful map
provides a resolution of singularities of the nilpotent orbit in the r.h.s. (the Springer resolution). The conditions in the l.h.s. of (21) imply the factorization (20) for Φ z , and the non-uniqueness in this factorization corresponds exactly to the gauge symmetry
Let us now derive the equations of motion for the field Φ z . First of all, the Lagrangian (8) implies the following equations of motion for the fields U and V :
Therefore DzΦ z = 0, i.e.
This equation is nothing but the equation of motion of the principal chiral field. Indeed, introduce a 1-form j = i(Φ z dz + Φz dz) with values in the Lie algebra u N . In this case (24) together with the Hermitian conjugate equation may be written in the form of two conditions
which are the e.o.m. of the principal chiral field. This is consistent with the fact, proven in [2] , that the Noether current of the model (3) is flat. In other words, in the case of a Grassmann sigma-model the field Φ z satisfies the equations
It is rather clear, though, that these equations do not completely characterize the Grassmannian sigma-model. Indeed, for example the solution Φ z = 0 of the equations (26) corresponds in fact to a whole large class of sigma-model solutions: DzU = 0, DzV = 0, U V = 0. Since, according to the assumption, U † U is a nondegenerate matrix, it follows from the latter condition that V = 0, and as a result one is left with the equation DzU = 0, i.e. a holomorphic map U to G(M, N ). The converse is also true: if DzU = 0, then ΦzU = 0, and it follows from
As a result, one has the correspondence
Therefore the equation for U is essential in general. As for the field V , it can be completely excluded and replaced by the field Φ z . Indeed, from the conditions in the l.h.s. of (21) one obtains the factorization Φ z = U V , and the equations DzU = 0, DzΦ z = 0 imply U DzV = 0. The condition that U is a matrix of rank M leads to DzV = 0. In other words, an alternative formulation of the model is as follows: we consider the fields (U, Φ z ), satisfying
In this case the equations of motion take the form
Next we describe the situation when the equation for U is indeed redundant: The condition Φ 2 z = 0 means that the Jordan structure of Φ z consists of m cells of sizes 2×2 and n cells of sizes 1×1. In this case N = 2m+n and dim Ker(Φ z ) = m+n.
Since Im(U ) ⊂ Ker(Φ z ) and rk(U ) = M , we get the condition M ≤ m + n. This easily leads to m ≤ N − M , n ≥ 2M − N , and the inequalities are saturated precisely in the case Ker(Φ z ) ≃ Im(U ) considered earlier. In this case the number of 2 × 2 cells is maximal and equal to N − M , and the number of cells of size 1 × 1 is 2M − N . Note that this is only possible in the case M ≥ N 2 . Reduction of the number of cells of type 2 × 2 corresponds to the degeneration of the matrix Φ z .
The dynamical equation (26) imposes severe constraints on the way, in which the Jordan structure of the matrix Φ z can change as one varies the point z,z on the worldsheet. Indeed, it implies that Φ z = kQ(z)k −1 , where Q(z) is a matrix that depends holomorphically on z. The Jordan structure of the matrix Q(z) is the same as that of Φ z , and the vanishing of the Jordan blocks occurs holomorphically in z. In particular, the Jordan structure changes only at "special points" -isolated points on the worldsheet. As a result, "almost everywhere" the dimension of the kernel dim Ker(Φ z ) := M is the same, and the map λ : (z,z) → Ker(Φ z ) is a map to the Grassmannian G( M , N ). A more careful analysis of the behavior of Φ z at a special point would show that λ may be extended to these points. We have come to the following conclusion: let g(z,z) be a solution of the principal chiral model, i.e. a harmonic map to the group G, satisfying the condition Φ 2 z = 0, where Φ z := g −1 ∂ z g is a component of the Noether current, and let the dimension of the kernel of Φ z at a typical point of the worlsheet be M . Then one can construct a harmonic map to the Grassmannian G( M , N ) by the rule (z,z) → Ker(Φ z ). § § 2.1.2. The SU (2)-case.
We consider the special case N = 2, i.e. when G = SU (2). In this case Tr(Φ z ) = 0, and the condition Φ 2 z = 0 is equivalent to Tr(Φ 2 z ) = 0. The latter condition is, in turn, the Virasoro constraint, i.e. the condition that the harmonic map is minimal. As a result, to a minimal surface in G = SU (2), satisfying 1 Φ z ≡ 0, we can prescribe a harmonic map into CP 1 . Let us construct it explicitly. The Cartan embedding CP 1 ֒→ SU (2) has the form g = 1 2 − 2w ⊗w, where w ∈ CP 1 ( w = 1). The Noether current is
Multiplying the condition Φ 2 z = 0 by w from the right and, taking into account that D zw • w = 0, we get D zw • D z w = 0, therefore D z w ⊗ D zw = 0. We see that the map w(z,z) is either holomorphic or anti-holomorphic. If D zw = 0, the null-vector χ of the matrix Φ z (Φ z χ = 0) satisfies the constraintw • χ = 0, i.e. χ is the antipodal point to w on CP 1 . If D z w = 0, then, as is easy to verify, Dzw is a holomorphic map, and the null-vector χ satisfies the condition D zw • χ = 0. Therefore in both cases we are led to the conclusion that χ is an anti-holomorphic map, related to a holomorphic map (w or Dzw) by the antipodal involution.
As Φ z = −i U V , from the non-degeneracy of U it follows that DzV = 0. Because
κ i columns vanish, therefore the matrix (V U ) k is strictly-lower-triangular and has zeros on the first k block diagonals (the main diagonal is counted as the first one). We denote by k the parabolic subalgebra of gl M that stabilizes the subflag of (32) with the last element omitted. We have proven that V U k * = 0. Therefore a solution Φ z (z,z) of the system (30)-(31) produces a solution (U, V ) to the equations of motion of the sigma-model with target space the flag manifold
is a non-increasing sequence.
The complex structure on the flag is uniquely determined by the structure of the complex flag (32 
Discussion
In the present paper we described two principal results. First of all, we showed that the flag manifold introduced earlier by the author allow an alternative formulation as two coupled βγ-systems, interacting via an auxiliary field Φ z . This proves the equivalence of these models to the flag manifold models described in [12] (in the terminology of that paper the field Φ z should be interpreted as the holomorphic component of the gauge field A w along the "topological plane" that coincides with the worldsheet Σ of the sigma-model. We believe that the gauged linear formulation of the βγ-system for flag manifold models introduced in the present paper will also prove useful for the investigation of their trigonometric (η) deformations (there is a vast literature on the subject: see, for example, [15, 16, 17, 18, 19, 20, 21] ).
Besides, we investigated the relation between the flag manifold sigma-models and the principal chiral model. It was shown that the solutions of the principal chiral model, which define a map into the nilpotent orbit of the corresponding complexified group, correspond to solutions of the flag manifold sigma-models (see [22] for a nice review of the theory of nilpotent orbits). It seems likely that the full analysis of this correspondence will require the theory of the Springer resolution (see, for example, [23] ) and will be a subject of further investigation. P. Zinn-Justin for useful discussions, as well as D. Lüst for support. I am grateful to the Institut des HautesÉtudes Scientifiques (Bures-sur-Yvette, France), where part of this work was done, and in particular to V. Pestun, for hospitality. My work is partially supported by the ERC grant in the framework of the European Union "Horizon 2020" program (QUASIFT, grant № 677368).
